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Abstract
We say that a cyclotomic polynomial Φn has order three if n is the product of three distinct primes,
p < q < r . Let A(n) be the largest absolute value of a coefficient of Φn. For each pair of primes p < q, we
give an infinite family of r such that A(pqr) = 1. We also prove that A(pqr) = A(pqs) whenever s > q is
a prime congruent to ±r (mod pq).
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1. Introduction
The nth cyclotomic polynomial is the monic polynomial whose roots are the primitive nth
roots of unity. It is defined by
Φn(x) =
∏
1an
(a,n)=1
(
x − e2πia/n).
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xn − 1 =
∏
d|n
Φd(x).
All of the polynomials in this paper will be assumed to have integer coefficients. We define the
height of f to be the maximum absolute value of a coefficient of f . Let A(n) be the height of
Φn. We say that a cyclotomic polynomial is flat if A(n) = 1. For n < 105, Φn is flat. It was once
conjectured that this would hold for all n, however A(105) = 2. Note that 105 is the smallest
positive integer that is the product of three distinct odd primes. In fact, A(n) is unbounded. See
[13] for a proof of the following result first given by Schur. For n = p1p2 · · ·pt , where t  3 is
odd, p1 < p2 < · · · < pt are odd primes and pt < p1 + p2, the xpt coefficient of Φn is 1 − t .
To determine A(n), it suffices to consider squarefree values of n because of the following
easily verified proposition.
Proposition 1. Let p be a prime.
If p | n, then Φpn(x) = Φn(xp).
If p  n, then Φpn(x) = Φn(xp)/Φn(x).
This proposition implies that if p | n, A(pn) = A(n). It is also easy to verify that if n is odd,
then Φ2n(x) = Φn(−x), so A(2n) = A(n). We see that Φp = 1 + x + · · · + xp−1 is flat. It is
also relatively easy to prove that A(pq) = 1 for distinct primes p,q . See [13] for proofs of these
facts.
Let k be the number of distinct odd prime factors of n. For squarefree n, this number k
is the order of the cyclotomic polynomial Φn. For large values of k, A(n) can become large.
Bateman [5], proved the upper bound
A(n) n2k−1 .
Bateman, Pomerance, and Vaughan [6] later showed that
A(n) n 2
k−1
k
−1.
They also gave the following lower bound. For infinitely many n,
A(n) n 2
k−1
k
−1/(5 logn)2k−1 .
For more results on the function A(n), see [1,10,11,14,16].
The polynomial Φpq is studied extensively in several papers [9,12], and it is well understood.
There are several interesting open questions concerning cyclotomic polynomials of order three,
Φpqr . We assume that p < q < r . Bang [4], proved the bound
A(pqr) p − 1.
This was improved by Beiter [7,8], who proved that
A(pqr) p −
⌊
p
⌋
,4
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Conjecture 2 (Beiter). A(pqr) p+12 .
If this conjecture holds, it is the strongest possible result of this form. This is because
Möller [15], proved that for any prime p there are infinitely many pairs of primes q < r such
that A(pqr)  p+12 . For the most recent results concerning this conjecture, see Bachman’s pa-
per [2].
Instead of studying upper bounds for A(pqr), we can instead give conditions on p,q, and r
so that A(pqr) is small. Bachman [3] proved that for any prime p  5, there are infinitely many
pairs of primes (q, r) such that A(pqr) = 1. Bachman’s theorem requires that q ≡ −1 (mod p).
In Section 3 we will prove that for any pair of primes (p, q), there exist infinitely many primes r
such that Φpqr is flat.
The results in this paper all make use of a lemma about the coefficients of Φpqr that is proved
in Section 2. In Section 4 we will prove that A(pqr) = A(pqs) whenever s > q is a prime
congruent to r (modpq). In Section 5 we will prove that A(pqr) = A(pqs) whenever s > q is
a prime congruent to −r (mod pq).
2. The main lemma
We will first prove the main lemma used throughout this paper. We introduce some notation
for the rest of the paper. Let p < q < r be primes. Let
Φpqr(x) =
(p−1)(q−1)(r−1)∑
i=0
cix
i
and
Φpq(x) =
(p−1)(q−1)∑
i=0
aix
i .
We will consider cn, a coefficient of Φpqr . Given n, let a′i = ai if ri  n, and 0 otherwise.
Lemma 1. Let f (m) be the unique value 0 f (m) < pq such that
f (m) ≡ r−1(n − m) (mod pq).
We have
cn =
p−1∑
m=0
a′f (m) −
q+p−1∑
m=q
a′f (m).
Proof. We use Proposition 1 to factor
Φpqr(x) = Φpq(x
r)
Φ (x)
= Φpq(x
r)Φ1(x)Φp(x)Φq(x)
xpq − 1 .pq
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xpq−1 in terms of its power series expansion
1
xpq − 1 = −
(
1 + xpq + x2pq + · · ·).
Therefore,
Φpqr(x) =
(
1 + xpq + · · ·)(1 + x + · · · + xp−1 − xq − xq+1 − · · · − xq+p−1)Φpq(xr).
Let
g(x) = (1 − xpq)Φpqr(x) = (1 + x + · · · + xp−1 − xq − xq+1 − · · · − xq+p−1)Φpq(xr).
We will determine the terms of g(x) that have exponent congruent to n (mod pq). Let χm
be 1 if m ∈ [0,p − 1], −1 if m ∈ [q, q + p − 1], and 0 otherwise. We recall that rf (m) ≡
n − m (mod pq). Therefore χmxmaf (m)xrf (m) is a term of g(x) with exponent congruent to
n (mod pq). We note that the degree of Φpq = (p − 1)(q − 1). As we range m over [0,pq − 1],
we find all terms of g(x) with exponent congruent to n (mod pq).
We can now write an expression for the coefficients of Φpqr . To compute cn, we only want
to sum terms with exponent at most n. Since m < pq and rf (m) ≡ n − m (mod pq), we have
rf (m) n if and only if m + rf (m) n. Therefore
cn =
∑
m0
χma
′
f (m) =
p−1∑
m=0
a′f (m) −
q+p−1∑
m=q
a′f (m). 
In the next section we will apply this result to the case where r ≡ ±1 (mod pq).
3. Flat cyclotomic polynomials of order three
Bachman was the first to provide an infinite family of flat cyclotomic polynomials of order
three, [3]. Bachman proves that for every prime p  5, there exist infinitely many pairs of primes
(q, r) such that A(pqr) = 1. His proof requires that q ≡ −1 (mod pq) and that r ≡ 1 (mod
pq). We improve on this result by including the case p = 3, dropping the condition on q , and
allowing r to be congruent to 1 or −1 (mod pq). The methods in [3] are quite different from the
methods in this paper. We will need a result from [12] about the coefficients of Φpq .
Proposition 3 (Lam and Leung). The nonzero coefficients of Φpq alternate between +1 and −1.
We can now prove our main result about flat cyclotomic polynomials.
Theorem 1. Let p < q be primes. Let r ≡ ±1 (mod pq) be prime. Then Φpqr is flat.
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Φpqr has absolute value at most 1. Given n, let f (i) be the unique value 0  f (i) < pq such
that f (i) ≡ n − i (mod pq). So we have
cn =
p−1∑
i=0
a′f (i) −
q+p−1∑
j=q
a′f (j).
Let S be the first sum in this expression and T be the second sum.
As in the proof of Lemma 1, let
g(x) = (1 − xpq)Φpqr(x) = (1 + x + · · · + xp−1 − xq − xq+1 − · · · − xq+p−1)Φpq(xr).
The degree of g(x) is r(p − 1)(q − 1) + q + p − 1 = (r − 1)(p − 1)(q − 1) + pq . For n >
deg(Φpqr ) = (p − 1)(q − 1)(r − 1), we have cn = 0. Since ai = 0 implies i  (p − 1)(q − 1),
for n r(p − 1)(q − 1), we have af (i) = a′f (i) for all i. These facts together imply that
p−1∑
i=0
af (i) =
q+p−1∑
j=q
af (j).
Though we assume that n r(p − 1)(q − 1) to establish this equality, it is clear that it holds for
all n.
By Proposition 3, for any values of α and β ,
∣∣∣∣∣
β∑
i=α
ai
∣∣∣∣∣ 1.
We note that f (i + k) ≡ f (i) − k (mod pq) and that pq − (p − 1)(q − 1) = q + p − 1. Let
j  i  j +p − 1. The values of f (i) that give af (i) = 0 lie in some interval [l, l +p − 1]. This
is because if (p − 1)(q − 1) < f (i) < pq , then af (i) = 0. This implies that both S and T have
absolute value at most 1.
If T = 0, then it is clear that |cn| 1. So suppose that T = 1, with the case T = −1 following
similarly.
We consider two cases. First suppose that there exists k such that q  k  q +p − 1, af (k) =
0, and rf (k) > n, so that a′f (k) = 0. We show that in this case S = 0 and hence cn = 1. Now,
observe that f (k) (p−1)(q −1) and that it is not possible to have both f (k) = (p−1)(q −1)
and k = q + p − 1. Indeed, in the latter case f (j)  f (k) for all q  j  q + p − 1, so that
a′f (j) = 0, contradicting the assumption T = 1. It follows that k also satisfies k + f (k) < pq .
Therefore, for 0 i  p − 1, f (i) > f (k), so that a′
f (i)
= 0 and S = 0.
Now assume that for all q  k  q + p − 1, a′f (k) = af (k).
So
T =
q+p−1∑
af (j) = 1.
j=q
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i=0 af (i) = T = 1 and the nonzero coefficients of each sum alternate between 1 and −1,
the nonzero term giving the minimum value of f (j) and the nonzero term giving the maximum
value of f (j) must both be 1. Therefore for each n, S = 1 or S = 0. Thus |cn| 1.
For the case r ≡ −1 (mod pq) we again apply Lemma 1. In this case r−1 ≡ −1 (mod pq).
So we define f (i) to be the unique value 0 f (i) < pq such that f (i) ≡ −(n − i) (mod pq).
The rest of the argument is the same. Alternatively, this case will follow from Theorem 3. 
We note that this theorem does not include all flat cyclotomic polynomials Φpqr . For example,
A(3 · 7 · 11) = 1.
4. Periodicity of A(pqr)
The goal of this section is to show that given primes p and q , A(pqr) is determined by
r (mod pq).
Theorem 2. Let p < q < r be primes. Then for any prime s > q such that s ≡ r (mod pq),
A(pqr) = A(pqs).
Proof. Without loss of generality assume s > r . This implies that s > pq . Let
Φpqs =
(p−1)(q−1)(s−1)∑
j=0
djx
j .
We will first show that given any coefficient cn of Φpqr , there exists some coefficient dl with
cn = dl . In fact, we will show that such a dl exists with l ≡ n (modpq).
We look to apply Lemma 1 to both cn and dl . Let f (i) be the unique value 0  f (i) < pq
such that f (i) ≡ r−1(n − i) (mod pq). We assume that n ≡ l (mod pq). Therefore since r ≡
s (mod pq), r−1(n − i) ≡ s−1(l − i) (mod pq).
Let a′i = ai if ri  n, and 0 otherwise. Let a∗i = ai if si  l, and 0 otherwise. By Lemma 1,
we have
cn =
p−1∑
m=0
a′f (m) −
q+p−1∑
m=q
a′f (m),
and
dl =
p−1∑
m=0
a∗f (m) −
q+p−1∑
m=q
a∗f (m).
If n
r
 =  l
s
, then a′i = a∗i for all i, which implies that cn = dl . For n = nr r+n0, 0 n0 < r ,
we can take l = n
r
s + n0 so that nr  =  ls . Therefore for any coefficient cn of Φpqr , there
is some dl such that cn = dl , so A(pqr) A(pqs). We will now show that given any dl , either
there is some cn = dl , or we can show that dl = A(pqs).
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−1 if m ∈ [q, q + p − 1], and 0 otherwise. Let
g(x) = (1 + x + · · · + xp−1 − xq − xq+1 − · · · − xq+p−1)Φpq(xr),
and
h(x) = (1 + x + · · · + xp−1 − xq − xq+1 − · · · − xq+p−1)Φpq(xs).
The nonzero terms of h(x) with exponent congruent to l modulo pq are of the form
χmx
maf (m)x
sf (m)
. Since s > pq , χm = 0 implies that m < s. Note that since χm = 0 implies
that m < s, any such term has distinct exponent.
This is not the case for the nonzero terms of g(x). Since r > q , χm = 0 implies that m < 2r ,
we can have at most two such terms with the same exponent, m+ rf (m) = (m+ r)+ rf (m+ r).
This implies that f (m + r) = f (m) − 1.
By Proposition 3, if af (m) and af (m)−1 are both nonzero, then af (m) = −af (m)−1. Since r > q ,
if χm and χm+r are both nonzero, then χm = −χm+r . So if both χmaf (m) and χm+raf (m+r) are
nonzero, then they are equal.
Assume that dl = A(pqs) and that there does not exist cn = dl . Let f (j) be maximum such
that χja∗f (j) = 0. Since A(pqs) 1, f (j) is well defined. Since
∑p−1
m=0 af (m)−
∑q+p−1
m=q af (m) =
0, we must have a minimum f (k) such that χkaf (k) = 0 and a∗f (k) = 0. So k+sf (k) > j +sf (j).
Without loss of generality we can let l = j + sf (j). Therefore dl−pq = dl − χjaf (j). Also,
dk+sf (k) = dl +χkaf (k). The assumption that dl = A(pqs) implies that χkaf (k) = −χjaf (j). We
will use the previous paragraph to argue that this is a contradiction.
Let n = j + rf (j). We have l − n = f (j)(s − r). We have cn = dl by assumption. Since
rf (j) n, the definition of f (j) implies that for every f (i) f (j) such that a∗f (i) = 0, we have
a′
f (i)
= 0. These two statements together imply that a′
f (k)
= 0. Since k + f (k)r  j + f (j)r ,
we have 0 < r(f (k) − f (j)) j − k  q + p − 1 < 2r . Therefore j − k = r , so k + f (k)r =
(k + r) + f (k + r)r , with χk,χk+r = 0. Since both χkaf (k) and χk+raf (k+r) are nonzero, they
are equal. This contradicts the previous paragraph. Therefore, either there exists a cn = dl , or
dl = A(pqs). 
This result shows that given any pair of primes (p, q), if we want to find the range of values
of A(pqr), we need only consider (p − 1)(q − 1) distinct prime values of r .
5. A(pqs) for s ≡ −r (mod pq)
Theorem 3. Let p < q < r be primes. Then for any prime s > q such that s ≡ −r (mod
pq), A(pqr) = A(pqs).
Proof. By Theorem 2 we can assume that r and s are greater than pq . We use the same notation
as in Theorem 2. Let f (i) be the unique value 0 f (i) < pq such that f (i) ≡ r−1(n− i) (mod
pq). We apply Lemma 1 and get
cn =
p−1∑
a′f (m) −
q+p−1∑
a′f (m).
m=0 m=q
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be the unique value 0 F(i) < pq such that F(i) ≡ s−1(l − i) (mod pq). We apply Lemma 1
again and get
dl =
p−1∑
m=0
a∗F(m) −
q+p−1∑
m=q
a∗F(m).
Since s ≡ −r (mod pq), we have s−1 ≡ −r−1 (mod pq). So
F(i) ≡ −r−1((q + p − 1) − n − i)≡ r−1(n − (q + p − 1 − i)) (mod pq).
We can write
dl =
p−1∑
m=0
a∗F(m) −
q+p−1∑
m=q
a∗F(m) =
q+p−1∑
m=q
a∗f (m) −
p−1∑
m=0
a∗f (m).
Given any n we can choose l such that l ≡ q + p − 1 − n (modpq) and  l
s
 = n
r
. We
will verify this explicitly. Let n = n
r
r + n0, where 0  n0 < r . We let l0 be the unique value
0 l0 < pq such that l0 ≡ q +p − 1 −n0 (mod pq). Then l = nr s + l0 ≡ −nr r −n0 + (q +
p − 1) ≡ (q + p − 1) − n (mod pq). Since l0 < pq < s,  ls  = nr .
These conditions imply that dl = −cn, and that A(pqr)A(pqs). By symmetry, A(pqr) =
A(pqs). 
Theorem 3 can also be applied to the conjecture that A(pqr) p+12 . Given a pair of primes
(p, q), if we want to find the range of values of A(pqr), we need only check (p−1)(q−1)2 distinct
prime values of r .
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